We report a detailed analysis of the orbital properties of binary millisecond pulsar (MSP) with a white dwarf (WD) companion. Positive correlations between the orbital period P b and eccentricity ǫ are found in two classes of MSP binaries with a He WD and with a CO/ONeMg WD, though their trends are different. The distribution of P b is not uniform. Deficiency of sources at P b ∼ 35 − 50 days (Gap 1) have been mentioned in previous studies. On the other hand, another gap at P b ∼ 2.5 − 4.5 days (Gap 2) is identified for the first time. Inspection of the relation between P b and the companion masses M c revealed the subpopulations of MSP binaries with a He WD separated by Gap 1, above which P b is independent of M c (horizontal branch) but below which P b correlates strongly with M c (lower branch). Distinctive horizontal branch and lower branch separated by Gap 2 were identified for the MSP binaries with a CO/ONeMg WD at shorter P b and higher M c . Generally, M c are higher in the horizontal branch than in the lower branch for the MSP binaries with a He WD. These properties can be explained in terms of a binary orbital evolution scenario in which the WD companion was ablated by a pulsar wind in the post mass-transfer phase.
INTRODUCTION
Shortly after the first millisecond pulsar (MSP) PSR B1937+21 (Backer et al. 1982 ) was discovered, a "recycling" scenario for its formation, in which old neutron stars in binaries were spun up by acquiring angular momentum through accreting material from a companion (Alpar et al. 1982; Radhakrishnan & Srinivasan 1982; Fabian et al. 1983) , was proposed. The process would occur at the late evolutionary stage of low-mass X-ray binaries (LMXBs). The scenario explains the low surface magnetic fields, the millisecond equilibrium rotational periods and the very low spinning-down rates as observed in MSPs (Backer et al. 1983) . It received further supports by the discovery of accreting millisecond X-ray pulsars (e.g. SAX J1808.4 − 3658, Wijnands & van der Klis 1998) and "red-back" MSPs, which show alternating LMXB and rotation-powered states (e.g. PSR J1023 + 038, Archibald et al. 2009 Archibald et al. , 2010 Thorstensen & Armstrong 2005; Takata et al. 2014) . In spite of its success, certain evolutionary aspects of MSPs, especially those in binaries, are yet to be satisfactorily explained within the scenario's framework. Besides the initial distributions of the orbital separations and the companion masses, how the progenitor systems had evolved through a common-envelope phase, which has not been directly observed, and how orbital angular-momentum was transported at various evolutionary stages are still unclear (Tauris 1996; Taam et al. 2000) . The complex evolution dynamics of MSP binaries is also reflected a "period gap" at P b ∼ 23 − 56 days where there is a deficiency in source number (Tauris 1996; Taam et al. 2000) . Its presence indicates a possible bifurcation process in operation, causing divergent evolutionary paths for the subpopulations of the systems (Tauris 1996) .
Theoretical investigations have predicted the relations between the orbital properties of MSPs. Two relations of the MSPs in a wide orbit of orbital period P b 2 days with companion mass M c 2M ⊙ have long been suggested as the dynamical fossils of the spin-up era (Phinney & Kulkarni 1994) . These are P b −M c relation (Refsdal & weigert 1971; Tauris & Savonije 1999) and that between P b and the eccentricity ǫ (Phinney 1992) . And hence, a thorough population analysis of the MSP binaries can help to to gain new insights into the intricate evolutionary paths of MSP binaries. With the expanded sample established by the recent observations, we conducted a statistical analysis of orbital properties of MSP binaries with a WD companion. This article reports our findings and interpretations in the light of the new statistics.
DATA ANALYSIS
We focus on the MSP binaries with a white-dwarf (WD) companion, adopting the selection criteria: (i) the MSP rotational periods P < 40 ms and (ii) the sources are in the Galactic field. MSP binaries in globular clusters (GC), which had involved different dynamical formation processes (see Hui et al. 2010) , were excluded. The system parameters of the sources were derived from the data in the updated ATNF pulsar catalog (2018 April version; Manchester et al. 2005) . Our first objective is to examine the relations among three key parameters: the orbital period P b , the orbital eccentricity ǫ and the mass of the WD companion M c . For the systems with precise measurements (cf. Table 2 in Ozel & Freire 2016) , we adopted their M c from the literature. For the others, we adopted an orbital inclination of i = 60
• when deriving M c from their mass functions by assuming a neutron star mass of 1.35M ⊙ . To allow a constrained analysis, we discarded the data with uncertainties > 50% in P b and ǫ. The screening yielded a sample comprising of 58 MSP binaries with a helium (He) WD companion and 25 MSP binaries with a carbon-oxygen/oxygen-neon-magnesium (CO/ONeMg) WD companion.
We recognized that there are several recently discovered MSPs which fit our selection criteria are not included in the aforementioned sample. PSR J2234+0611 (Antoniadis et al. 2016 ) and PSR J1946+3417 (Barr et al. 2016) can be found in ATNF catalog but the nature of their companions are not specified in it. On the other hand, PSR J1618-3921 (Octau et al. 2018) is not included in the ATNF catalog. The companions of all these systems appear to be He WDs. And their eccentricities lie in the range of ǫ ∼ 0.01 − 0.1 which are higher than the general MSP population with He WD companions. Appending these systems to our sample, we have 61 MSP binaries with He WD companion for our analysis.
2.1. ǫ − P b relation Figure 1 shows the MSP binaries in the ǫ-P b plane. A parametric (linear correlation coefficient r) and a non-parametric (Spearman rank correlation coefficient ρ) test were applied for the correlation test between P b and ǫ, giving r = −3.85 × 10 −2 (p-value=0.77) and ρ = 0.72 (p-value=4.13 × 10 −11 ) respectively for the MSP binaries with a He WD. The apparent discrepancy between the results is caused by a group of outliers with ǫ > 0.01 (see Figure 1) , which includes PSR J1950+2414, PSR J2234+0611, PSR J1946+3417 and PSR J1618-3921. The eccentricity abnormality is speculated to be due to an unusual event, such as a de-
He WD CO/ONeMg WD Figure 1 . The orbital period P b and eccentricity ǫ relation for MSP binaries with a He WD companion (solid symbols) and with a CO/ONeMg WD companion (open symbols). The period gaps are marked as the shaded regions. The solid and dashed lines correspond to the best linear fits between log P b and log ǫ for systems containing a He WD and a CO/ONeMg WD respectively. The simple relation predicted by Phinney (1992) has also been plotted for comparison (dotted line) layed accretion-induced collapse of a massive WD during the course of the system's evolution (see Freire & Tauris 2014) . Alternatively, Antoniadis (2014) proposes that such high eccentricity can be resulted from the dynamical interaction between the binary and a circumbinary disk over ∼ 10 4 − 10 5 yrs. When these four eccentric binaries are excluded, the correlation analysis yields r = 0.69 (p-value=2.94 × 10 −9 ) and ρ = 0.74 (p-value=4.08 × 10 −11 ). Thus, both tests reconciled, concluding a strong ǫ-P b correlation. As ρ is a non-parametric statistic, its estimate is therefore robust. The statistical significance it refers would be almost unaltered when the outliers are removed. A regression analysis excluding four eccentric MSPs yielded a relation log(P b /day) = (0.71 ± 0.18) log ǫ + (4.30 ± 0.81) (1) for P b and ǫ. Here and hereafter unless otherwise stated the uncertainties of the parameters are of a 95%-confidence interval which are estimated by t 1−α/2,ν SE, where t 1−α/2,ν is the t statistic with α = 0.05 and a degree of freedom ν =(no. of data point -number of free parameters) and SE is the standard error of the corresponding parameters derived from the covariance matrix.
We also plotted the ǫ − P b relation predicted by Phinney (1992) (ǫ ∼ 1.5 × 10 −4 (P b /100 days); dotted line in Figure 1 ) for comparison. For P b 1 day, our best-fit based on the current sample (i.e. Equation 1) predicts a higher ǫ for a given P b than that suggested by Phinney (1992) .
For the MSP binaries with a CO/ONeMg (non-He) WD, there is no noticeable outlier. We obtained r = 0.19 (p-value=0.37) and ρ = 0.45 (p-value=3.09 × 10 −2 ) for the ǫ-P b correlation, which has a weaker significance than that of the He WD case. The corresponding ǫ-P b relation is log(P b /day) = (0.25 ± 0.18) log ǫ + (1.85 ± 0.77) . (2) The different trends in the ǫ-P b relations for the MSP binaries with a He WD and with a non-He WD can be seen in the best-fit relations shown in Figure 1 .
Period gaps
Inspecting the orbital period distribution revealed a deficiency of sources at P b ∼ 35 − 50 days (the upper shaded region, Figure 1 ). Only two MSP binaries with a CO/ONeMg WD were there, but none with a He WD. We designate this period interval as "Gap 1".
If we limit ourselves to the systems follow ǫ − P b relation (i.e. ignore the outlying eccentric systems), the gap size can be relaxed to P b ∼ 25 − 50 days. This gap is known (e.g. Taam et al. 2000; Tauris 1996; Camilo 1995) . For those eccentric systems, their P b appear to be rather similar (see Figure 1) . Assuming the circumbinary disk scenario, Antoniadis (2014) has simulated the distribution of P b from 1 day to 50 days which shows a jump of ǫ at P b > 10 days. The author proposes that this might explain the existence of this period gap. At P b 50 day, the ǫ − P b correlation can be recovered due to the cessation of hydrogen flashes for proto-WDs with mass 0.35M ⊙ (Antoniadis 2014).
Besides "Gap 1", we have identified another period gap, at P b ∼ 2.5 − 4.5 days. We designate it as "Gap 2", which is highlighted by the lower shaded region in Figure 1 . To examine the significance for the presence of these period gaps, we perform a model-based clustering on the distribution of P b by using the CRAN mclust package (Fraley & Raftery 2002 , 2007 .
Since the binaries with He and CO/ONeMg WD companions have different evolutionary histories, we investigate their P b separately. Assuming a mixture of Gaussian components, we carried out the maximum likelihood fits. The calculation was repeated nine times with different number of components (1-9 Gaussians) included. The best model is chosen on the basis of Bayesian information criterion (BIC) values from the maximum likelihood estimations.
The results are shown in Figure 2 . For the P b distribution of the binaries with a He WD, the BIC indicates that four Gaussian components best fit the data (see upper right panel of Figure 2 ). These four components are: We further check if the separations among these components are significant by computing the Ashman's D statistic (Ashman et al. 1994) . All the pairs result in D > 12 which indicate clear separations among them.
Considering the clusters N 1 and N 2 , the 1σ upperbound of N 1 and the 1σ lower-bound of N 2 span a range of ∼ 2.1 − 4.6 days which encompasses Gap 2. Similarly, the clusters N 2 and N 3 are found to encompass Gap 1. Based on the aforementioned analysis, the presence of these two period gaps are siginificant.
Although the BIC suggest the presence of N 4 is also significant, this component only consists of two objects namely PSR J0407+1607 (P b = 669.07 days) and PSR J0214+5222 (P b = 512.04 days). With such limited samples, we are not allowed to draw a firm conclusion for its existence and this component will not be considered in all subsequent analyses.
We apply the same analysis on the MSP binaries with CO/ONeMg WD companions. The values of the BIC (lower right panel of Figure 2 ) indicate that this population consists of two Gaussian components: 
Comparing this model to the CDF constructed from the data (lower left panel of Figure 2 ), there are discrepancies between the model and the data at P b 5 days and P b 20 days. The poor fit can be ascribed to the small sample of data. Although the analysis suggests this population might contain more than a single component, the location of both Gap 1 and Gap 2 cannot be constrained solely with the current MSP population with CO/ONeMg WD companions. Figure 3 shows the M c -P b distributions of the systems. Since their mass estimates adopted in this work are derived from the mass functions by assuming M NS = 1.35M ⊙ and i = 60
M c -P b relation
• , there is no error estimate provided by the ATNF catalog. For those sources with precise mass estimates, we adopted their values and the uncertainties given in Ozel & Freire (2016) . For the others, the uncertainties of M c are difficult to be estimated. This can be ascribed to two facts: (1) the distribution of i is likely to be uniform which leave M c unconstrained without the measurement of i; 
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• for those do not have dedicated mass measurement. The results are shown in Figure 3 .
Interestingly, MSP binaries with a He WD are segregated into two subpopulations by Gap 1 whereas the MSP binaries with a non-He WD companion are divided into two subpopulations by Gap 2. For the MSP binaries containing a He WD above Gap 1 (the long-period systems), a correlation analysis of P b and M c gave r = 0.26 (p-value = 0.25) and ρ = −0.05 (p-value = 0.84), implying that P b and M c have no strong dependence. We refer this subpopulation as the "horizontal branch" (hereafter HB) of the MSP binaries with a He WD companion. On the contrary, for the binaries below Gap 1 (the shortperiod systems) there is a strong correlation between P b and M c , with r = 0.64 (p-value = 6.74 × 10 −6 ) and ρ = 0.74 (p-value = 4.37 × 10 −8 ). We refer this subpopulation as the "lower branch" (hereafter LB) of the MSP binaries with a He WD companion. We note that all the eccentric systems follows the general trend of the LB. This is consistent with the prediction by Antoniadis (2014). Tauris & Savonije (1999) have computed the correlation between M c and P b numerically. They found that their model calculations can be fitted to a form of
where (a, b, c) depend on the composition of the donor and P b in units of days. Fitting Equation 5 to the LB of the MSP binaries with a He WD companion in our sample yields a set of parameters a = 4.91 ± 2.26, b = (4.18 ± 13.1) × 10 5 and c = 0.12 ± 0.04. The results are comparable with Tauris & Savonije (1999) (see Eq. 21 in their paper). The best-fit M c − P b relation is illustrated by the solid line in Figure 3 .
From the data, we deduced that (34 ± 12)% of MSP binaries having a He WD companion would be in the HB and (66 ± 12)% in the LB. The 95% confidence intervals were computed by the standard maximum likelihood Wald estimator.
The binaries with a CO/ONeMg WD also show a HB (long-period systems) and a LB (short-period systems) bisected by Gap 2 in the M c -P b plane, with also a turnover between the two branches. In comparison with the systems with a He WD, they as a group are shifted to the lower right corner of the M c -P b plane. This is partly because CO/ONeMg WDs are generally more massive. It is, however, puzzling that systems with a CO/ONeMg WD tend to have shorter orbital periods than the systems with a He WD. We deduced that there are (68 ± 18)% and (32 ± 18)% MSP binaries containing a CO/ONeMg WD in their HB and the LB respectively. No significant correlation was found between P b and M c for both the populations above and below Gap 2.
To examine the mass distributions of the WDs in the MSP binaries we conducted 2-sample KolmogorovSmirnov ( 
DISCUSSIONS AND CONCLUSIONS
In summary, our analyses have shown: (i) The orbital periods P b of the systems are not uniformly distributed, with two gaps located at P b ∼ 35 − 50 days (Gap 1) and 2.5 − 4.5 days (Gap 2). Gap 1 divides the MSP binaries with a He WD into two distinctive subgroups, the HB and LB, and similarly Gap 2 separates the MSP binaries with a CO/ONeMg WD into the HB and LB subgroups. These phenomena are consequence of the orbital evolutionary dynamics of the MSP-WD binaries, which manifests as migration flows in the M c -ξ plane (Figure 4) . The variable ξ ≡ R c 2 /4a 2 M c , where R c is the radius of the WD companion and a is the orbital separation of the system, measures the amount of pulsar wind that the could be intercepted by the WD, per unit WD mass and hence is an indicator of WD mass loss under pulsar-wind ablation. In the M c -ξ plane, the rate of change in the system's orbital period are vectors normal to the constant P b contours. The rate of change in the WD companion's mass are horizontal vectors with a negative direction. Adding these two vectors gives the individual migration velocity of the source, whose horizontal component is always negative.
The migration flow is driven by the angular momentum loss from the orbit and the mass loss from the companion star caused by the interactions between the pulsar and the companion. The time derivative of Kepler's law gives the orbital evolutionary equation: (with component stars of masses m 1 and m 2 ): 2 Mc) is a measure of maximum amount of pulsar wind that the WD can intercept. The black curves are the period contours marking the 2 periods gaps, with Gap 1 on the left side and Gap 2 on the right side in the Mc-ξ plane. The orbital periods corresponding to the contours from top to bottom are therefore P b /day = 2.5, 4.5, 35 and 50. MSP binaries with a He WD are represented by triangles (red for HB systems and blue for LB systems), and MSP binaries with a CO/ONeMg WD by squares (violet for HB systems and green for LB systems). The dashed line is a schematic approximate reference, above which pulsar-wind ablation is able to cause significant mass loss from the WD. Orbital period evolves along the normals to the period contours, and WD mass loss progresses along the horizontal axis. The ratio of the magnitude of the former to that of the latter is determined by 3[α − f (q)] (see text). In our calculations, the MSPs are neutron stars with 1.35-M⊙, and the WDs have radii given by the Nauenberg (1972) relation.
(insignificant mass gain) and f (q) = (3 + 2q)/3(1 + q) and introducing a parametrization (J /J)/(Ṁ c /M c ) = α(X i , P, q) > 0, where X i are variables intrinsic to the MSP, we obtained the equation for period change in response to the companion's mass loss:
Note that f (q) is a slowly varying function, with
We propose that the period gaps were developed when the progenitors of the MSP-WD binaries were in the transition from being a mass-transfer system to a MSP system. By the time at this transition, the companion star's progenitor would have already shredded most of it mass, implying the condition q < 1 being satisfied. This prevents a run-away mass transfer process and halts a rapid spiralling-in. If only mass exchange between the component stars occurs,J ≈ 0 on the dynamical timescale. Hence α ≈ 0 for the binary at this stage, when the mass transfer operates. The binary's orbit would expand in response to companion's mass loss. As such, the system migrates leftward and downward across the M c -ξ plane. Pulsar-wind ablation will onset when the accretion pauses. The mass outflow from WD induced by the pulsar wind and the viscous drag of the ablated material on the WD orbital motion facilitates the angular-momentum extraction from the orbit. When the angular momentum loss is efficient, i.e. α ≫ 1, mass loss from the companion will shorten the orbital period, and the system migrate leftward and upward across the M c -ξ plane. The period gaps are the separatrices that divides the upward and downward migration tracks of the sources during the accretion-MSP transition.
(i) Locations of the two period gaps: The progenitors of CO/ONeMg WDs were able to evolve through the asymptotic giant branch and reach the horizontal giant branch, and they are relatively massive (about 3 M ⊙ or higher). The MSP binaries with a CO/ONeNgWDs must have survived the complete spiralling-in during the temperature oscillation phase of the companion star when C burning proceeds to O burning, and the second common envelope phase (if present). The maximum size of the companion star is constrained by the orbital separation a, and hence in the final mass-transfer episodes constrained by the period gap in our proposed scenario. With a = 4.65 R ⊙ (P b /day) 2/3 (1 + q) 1/3 , P b ∼ (2.5 − 4.5) day (Gap 2) corresponds to a ∼ (8.6−13)(1+q) 1/3 R ⊙ , The radius of an evolved star with a 3-M ⊙ main-sequence progenitor in the C/O burning stage will reach above 10 R ⊙ (see Maeder & Meynet 1989) , consistent with the period-gap formation scenario (for Gap 2) that we propose, if nuclear evolution drives the final episodes of the mass transfer process. He WDs have less massive main-sequence progenitors (about 1 M ⊙ or lower). When the companion star of the progenitor MSP binary evolve into the He burning red giant stage, it expands substantially. A common envelope could be avoided if the two stars have a sufficient large orbital separation. For these systems mass transfer is expected to operate in a somewhat steady manner, as the companion star is less massive than the neutron star. This leads to orbital expansion and period lengthening. P b ∼ (35 − 50) day (Gap 1) corresponds to a ∼ (50 − 63)(1 + q) 1/3 R ⊙ . The radius of a star, starting as 1-M ⊙ main-sequence star, is ∼ 30 R ⊙ at the end of its He burning (Charbonnel et al. 1999) , which ∼ 0.5 times of the orbital separation inferred from Gap 1, a configuration where Roche-lobe filling mass-transfer is possible (see e.g. Eggleton 1983 ).
(ii) HB formation: We interpret that the HB is a pilingup of systems, caused by orbital expansion in the final mass-transfer episodes when the progenitor binaries were at the transition from being an accretion system to a MSP system. The lacking of strong dependence of M c for both MSP binaries with a He WD and with a non-He WD is a consequence of the combination of followings: (i) a weak dependence of f (q) on q, which givesṖ b /Ṁ c ≈ −0.9(P b /M c ), and (ii) that the constant P b contours are almost straight lines in the M c -ξ plane spanning from log(M c /M ⊙ ) = −1.0 to log(M c /M ⊙ ) ≈ 0.0. As such, the systems have a fairly uniform velocity over a wide M c range when migrating away from their respective period gaps in the M c -ξ plane on their course to become a "full-fledged" MSP binary. Although the systems would eventually evolve across the period gap later as MSP-WD binaries, the process will be slow, as at the HB the amount of pulsar wind intercepted by the WD is low (see Figure 4) . Without a strong outflow from the WD, direct extraction of angular momentum from the binary's orbit cannot be efficient. Moreover, there will be no viscous drag on the WD's motion when ambient material is absent. When α could not attain a high value, the MSP-WD binaries will linger in the HBs. (iii) LB morphologies: The pattern formation in the M c -P b plot (Figure 2) is simply a reflection of the migration of the MSP binaries in the M c -ξ plane (Figure  4 ), which is driven by pulsar-wind ablation of the WD. The morphology of the LB of the MSP binaries with a He WD is caused by the flow confluence of systems of all masses in the M c -ξ plane, in particular the rapid orbital evolution of the systems with a very low-mass WD (∼ 0.1 M ⊙ ). Low-mass WD have large radius. In addition to their efficient interception of pulsar wind, they subject to large viscous drag if ambient material is present. For the lower WD-mass MSP binaries, a large value for α can be attained, implying a large |Ṗ b /P b | to |Ṁ c /M c | ratio. Thus, they have larger upward migration velocity component in the M c -ξ plane than their higher WD-mass counterparts. The confluence flow and the M c dependent migration explain the LB tilting for the MSP binaries with a He WD and the apparent larger spread of ξ in the LB at the low WD-mass end. Such a pattern is however not expected for the LB of the MSP binaries with a CO/ONeMg WD. The pulsar-wind ablation of their WD is not efficient enough to drive rapid migration across M c -ξ plane. At the high WD-mass end, the bending of the constant P b contours causes theṖ b /P b to have a strong horizontal projection opposite to the direction ofṀ c /M c . Therefore, the massive-WD MSP systems can only migrate upward slowly in the M c -ξ plane. Instead they slide gradually and only slightly deviate from the tangents of the constant P orb contours. Only for systems with a WD of ≈ 1 M ⊙ or lower, such "confinement" to the migration flow becomes inefficient. Note that the MSP binaries with a low-mass CO/ONeMg WD in their HB and the MSP binaries with a high-mass He WD in their LB have very similar orbital periods, pulsar-wind ablation efficiencies and WD masses, and hence subject to similar viscous drag. In the M c -ξ plane, MSP binaries with a low-mass CO/ONeMg WD in the HB would therefore join the confluent flows of the MSP binaries with a He WD in LB instead of migrating cross their own period gap, Gap 2 (see Figure 4) .
In summary, we attributed the period gaps and their locations to the conditions of the latest stages of stellar evolution of the WD progenitor. The evolutionary bifurcation of the MSP binaries with a He WD in the HB and LB is due to relative efficiencies of angular momentum loss induced by the pulsar-wind ablation of the WD, which naturally gives a positive correlation between P b and M c in the LB systems. The MSP binaries with a low-mass CO/ONeMg WD in the HB have similar pulsar-wind ablation efficiencies as the MSP binaries with a high-mass He WD in the LB, and hence these binaries migrate similarly in the M c -ξ plane. The MSP binaries with a massive CO/ONeMg WD (M c 1M ⊙ ) linger in the vicinity of their birth places because the amount of pulsar wind intercepted by the WD is insufficient to drive a rapid orbital evolution. (2005) and references therein. For the others, assuming the pulsar mass to be 1.35M⊙, their errors are estimated from the mass functions with the inclination angles vary from i = 90
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